We show that a short-range strong repulsive (contact) interaction between the particles in the barrier may change the statistics of two-particle tunnelling. In the case of a resonance of a width Γ, the effect would be observed if the time between the two impacts is of order ofh/Γ. The statistics of non-resonance tunnelling across a broad potential barrier remain unaffected, which suggests that there is no appreciable delay in the classically forbidden region.
I. INTRODUCTION
Over the years there has been a considerable interest in transport of photons and electrons in optical waveguides and quantum wires [1] . Varying the diameter of a wire one can achieve resonance and non-resonance tunnelling conditions. For carriers with energies between the first and the second thresholds such tunnelling is a quasi onedimensional process. Similar quasi one-dimensional confinement can be constructed for cold atoms with the help of laser based techniques [2] .
Recently, highly accurate calculations have been reported for single-particle tunnelling in such structures [3] . However, equally accurate evaluation of the effects of interaction between the carriers remains an open problem. Such effects (e.g., the Coulomb blockade for tunnelling electrons [4] - [6] ) are often described in terms of the tunnelling (transfer) Hamiltonian (TH) [7] . However, no rigorous scheme for constructing a TH from one-particle scattering states is known to date [8] .
The effects of collisions between transmitted particles can be evaluated exactly in the case of a contact potential describing a very short range strong repulsive interaction between bosonic atoms in Tonks-Gerardeu (TG) gas [9] . There, as in the case of non-interacting identical particles, the final state of the system can be obtained by simple symmetrisation once all single-particle evolutions are known [10] , [11] . Several authors have studied the escape of TG atoms from a potential trap, [12] - [15] . In this Brief Report we study how inter-particle interaction, it its most elementary form, may influence scattering of such atoms. We also analyse the conditions under which two TG atoms incident on a barrier from the same side may meet in the barrier region. A classical analogy would be that of the second particle coming within the interaction range, as the first particle is slowed down, e.g., passing over a potential hill. A related question about the amount time for which a tunnelled particle is detained in the barrier has been under discussion since early 1930's, and we refer the reader to several reviews of the subject [16] - [19] .
II. MORE ABOUT THE PROBLEM
We start with a brief discussion of what may happen if two particles with sufficiently low energies are sent towards a potential barrier. Figure 1 sketches a scenario for two identical impenetrable classical particles of mass m with the coordinates x 1 and x 2 . The first particle arrives at the barrier, is reflected, and on its way back collides with the second one. The two particles exchange momenta, the first particles returns to the barrier and is reflected for the second time. After that both particles leave, and their joint position is labelled (1) in the (x 1 , x 2 )-plane. Quantally, one may try to address the same problem by constructing the scattering eigenstates of the Hamiltonian (we useh = 1)
where V is the barrier potential, and U is a short-range interaction between the particles. For our purpose it is, however, more convenient to consider two distinguishable particles represented by wave packets. Since wave packets may also tunnel, we must add three more scenarios, also shown in Fig.1 After scattering is completed, the wave function in the (x 1 , x 2 )-plane evolves into four non-overlapping parts, corresponding to the four exclusive outcomes in Fig.1 . The diagram in Fig.1 is only schematic, as we do not know whether a transmitted particle spends in the barrier an appreciable amount of time. We can try to test it in the following way. If the initial wave packets are well separated in time and space, the two particles should tunnel sequentially, the probability of the double transmission process unaffected by the interaction U . If, on the other hand, the particle 1 is detained in the barrier region, the particle 2 can catch up with it there. Then the inter-particle collisions may change the probabilities for the four outcomes shown in Fig.1 . We will study the conditions under which this can happen. (1) both particle are reflected; (2,3) the first particle tunnels, and the second is reflected, and (4) both particles tunnel.
III. FERMIONISED BOSONS AND IDENTICAL
PARTICLES.
The two-particle tunnelling problem is readily solved for identical bosonic atoms interacting via the TG contact potential
The potential (2) forbids two particles to occupy the same location in space, and its effects are broadly similar to those of the Pauli principle for fermions. The wave function for two such 'fermionised bosons' is just the antisymmetrised combination of one-particle states, [9] ,
where the factor s(x 1 , x 2 ) = 1 for x 1 > x 2 , and −1 otherwise, serves to give
, N is the normalisation. In Eq.(3), Ψ 1 (x 1 , t) and Ψ 2 (x 2 , t) are the oneparticle states obtained by the evolution of the initial wave packets with the Hamiltonian (1) where U is put to zero, U ≡ 0. Thus, to know the state of two TG atoms after scattering, it is sufficient to solve first two one-particle tunnelling problems, and apply the symmetrisation procedure (3) in the end. To evaluate the likelihoods of the tunnelling outcomes, we will require the probability to find the fermionised atoms in the region a ≤ x 1 , x 2 ≤ b, P
where
The first term in the square brackets is just the joint probability for two independent particles. It is reduced by the exchange term, which results from contact interaction (2) . By construction, Eqs. (4)- (5) apply also to scattering of neutral fermions (spinless, or prepared in the same spin state). They are also valid for non-interacting bosons, provided the sign of the exchange term in (4) is changed to a 'plus'.
IV. TWO-PARTICLE TUNNELLING
Next we assume that a source at x = 0 emits at t = 0 an atom in a Gaussian state of a coordinate width σ with a mean momentum p 0 towards a finite-width potential barrier V (x) located further to the right. After a time T an identical atom is launched in exactly the same state. The atoms interact via the TG potential (2), and their energy is below the barrier top. Using the results of the previous Section, we will study the dependence of the probabilities for the outcomes shown in Fig.1 on the time T between the emissions. Before the atoms arrive at the barrier, the two oneparticle states are given by,
where A(p) is a Gaussian peaked at p = p 0 ,
and the spread of the momenta around p 0 is of order of 1/σ. There should be no interaction between the atoms at launch. If so, the exchange term in Eq.(3) must vanish
and for the normalisation constant in (3) we have N = √ 2. The r.h.s in Eq. (8) vanishes for large T 's because the oscillations of the exponential become rapid compared to 1/σ. Neglecting spreading of the wave packets over the time T , we write exp(−ip
, in which case Eq.(8) requires that the initial distance between the atoms, p 0 T /m, must exceed their wave packet width σ. Equation (8) will then hold until the first atom reaches the barrier. After both atoms have left the barrier region, each wave packet splits into the (non-overlapping) reflected (R) and transmitted (T) parts,
obtained by multiplying each plane wave in (6) by the transmission, B T (p), or the reflection, B R (p), amplitudes, A(p) → A(p)B T,R (p). There are three probabilities for three possible outcomes, P T T (both atoms tunnel), P RT (one atoms tunnels and one is reflected), and P RR (both atoms are reflected). Evaluating the integrals over the corresponding quadrants of the (x 1 , x 2 )-plane with the help of (4), (8) and (9) we find
where the lower sign corresponds to non-interacting bosons, P T and P R are the single-particle tunnelling and reflection probabilities, P R,T (x 1 , t) = |A(p)| 2 |B R,T (p)| 2 dp, and
Note that once both atoms have left the barrier region, δP in Eq. (11) is independent of the time t. Thus, it must result from the interaction between the atoms in the barrier region.
Equations (10) show that the short range repulsion (2) can modify the statistics of two-particle tunnelling, with two TG atoms less likely to exit the barrier on the same side. The mean number of tunnelled particles remains, however, unchanged n T ≡ 2 × P T T + 1 × P T R = 2P T .
V. RESONANCE TUNNELLING
With Eq. (8) 
An example is given in Fig.2 , for a double-delta barrier [20] ,
, where the dots show the approximation (12) for the first two resonance peaks, n = 0, 1. Choosing the wave packet broad enough to probe just one resonance at E r 1 , yet sufficiently narrow for its momentum distribution to be broader than the resonance peak (see Fig.2, dashed) , we find
The exchange term vanishes exponentially with T (see Fig.3a) , and the second atom catches up with the first in the barrier region provided T < ∼ 1/Γ 1 . For a wave packet probing more than one resonance, there is possibility of interference effects. For example, if two resonances contribute to the one-particle transmission (see Fig.2, dot-dashed) , δP (T ) in Eqs. (10) form
As shown in Fig. 3b , it undergoes sinusoidal oscillations, so that the two-atom transmission probability is reduced further whenever the time between the emissions, T , equals 2kπ/(E r 2 − E r 1 )), k = 1, 2, ....
VI. NON-RESONANCE TUNNELLING
Finally, we consider two atoms with a mean momentum p 0 tunnelling across a rectangular barrier of a height V > p 2 0 /2m and a width d (the results are easily generalised to a barrier of an arbitrary form in the semi-classical approximation). For a broad barrier we have
Expanding S(p, d) to the second order in (p − p 0 ) yelds
is positive, there is no narrowing of the transmitted momentum distribution (see Fig.4a ). Neglecting, as before, the spreading of the wave packet, and evaluating the Gaussian integral in Eq.(11) we have
where k 0 ≡ 2mV − p 2 0 and T 0 ≡ mσ/p 0 . For two atoms launched independently, we already have T /T 0 >> 1 (cf. Sect. IV). Since the second factor in the exponent is typically greater than unity, we have P T T ≈ (P T ) 2 . Thus, two atoms, well separated initially, behave as if they never collide in a classically forbidden region. 
VII. CONCLUSIONS AND DISCUSSION
In summary, contact interaction between atoms can alter tunnelling statistics by making two atoms more likely to exit the barrier on the opposite sides, while leaving the total transmission probability unchanged. The effect is most visible when the barrier significantly narrows the momentum distribution of the transmitted wave packet, as happens in resonance tunnelling. There the evidence of two atoms colliding in the barrier is produced provided the time between the impacts does not exceed the lifetime of the resonance, often interpreted as the delay experienced by the transmitted particle [16] - [19] . No change in the statistics is predicted for non-resonance tunnelling across a broad potential barrier. In the same sense, this suggests that there is no appreciable delay in the barrier, and that two particles, well separated initially, never encounter each other in a classically forbidden region. Finally, we note that for free bosons the Pauli principle produces the opposite 'bunching' effect, whereby two bosons are more likely to exit the scatterer on the same side. 
